Delamination is characterized as the failure of the interply resin-rich region. The interply resin layers are modeled and the six component stress state is determined using a finite element analysis. The Modified von Mises Delamination Criterion using both the in-plane and interlaminar stresses is developed and applied to the average stress state within 1.75 ply thicknesses of the edge. The MVMDC shows good correlation to experimental data as well as to other criteria. The MVMDC is not sensitive to the thickness of the interply resin layer. Instead it is merely the presence of such a layer and the stresses that result in the layer that can indicate delamination failure of a laminate. Thus consideration of the full stress state in the failure of the interply resin layer is valid and indicates the potential for interaction between the in-plane loading and delamination.
INTRODUCTION
D ELAMINATION IS DEFINED as the fracture of the plane separating two plies of a laminated composite structure. This fracture occurs within the thin resin-rich layer that forms between plies during the manufacturing process. This thin resin layer is subjected to substantial stresses, both in-plane and out-of-plane, which leads to delamination. Although in-plane stresses are a result of the membrane loads typical of thin structures, the out-of-plane stresses arise at a geometric or material discontinuity.
When characterizing the general strength of composite components it is common practice to employ one of the existing in-plane, ply-by-ply failure criteria. These theories, such as Maximum Stress or Strain [1] or the Tsai-Wu interaction theory [2] , attempt to predict strengths for the in-plane cases of fiber and/or matrix failure only. Hashin [3] and Hart-Smith [4] presented theories in which the failure of matrix and fibers are treated separately, however failures that are predicted by these phenomenological theories deal mainly with plane stress problems and do not account for out-of-plane failures such as delamination.
Traditionally, the interlaminar stresses have been considered solely responsible for delamination. The calculation of the in-plane stresses in the free-edge problem has been presented in the literature, however, their contribution to delamination has not been adopted. In-plane stresses contribute to the material condition and can participate in the failure process.
The work of Brewer and Lagace [5] has shown promise in correlating delamination predictions with experimental data through the calculation of the interlaminar stresses at ply interfaces and the formulation of the Quadratic Delamination Criterion (QDC). In a similar exercise, Zhou and Sun [6] formulated the same interlaminar failure criterion utilizing interface stresses. They also computed in-plane stresses and compared the effects of in-plane failure with delamination.
PREVIOUS WORK

Strength of Materials Approaches
Early study of the free-edge problem by Puppo and Evenson [7] provided evidence for the influence of interlaminar stresses on delamination. Pipes and Pagano followed with a series of studies over a number of years. Both together and independently, their efforts dealt mainly with the mechanics of the free-edge problem and solution techniques for the stresses including finite difference [8] , elasticity [9] [10] [11] [12] , and global-local solutions [13] . They also investigated the effects of laminate thickness and stacking sequence [14] . They demonstrated the existence of interlaminar stresses in a boundary layer near the free edge of a laminate, which is suggested to be on the order of the laminate thickness [8] . These interlaminar stresses can become large and lead to delamination [8, 15] . They also concluded that the sign and magnitude of these stresses are functions of the material properties, fiber directions, thickness and stacking sequence [8, 14] . This series of studies was experimentally complemented by the work of Pipes and Daniel [16] and Whitney and Browning [17] .
The finite element method was applied to the study of interlaminar stresses by Isakson and Levy [18] and further refined by Rybicki [19] and Herakovich [20] . The method was shown to provide excellent agreement with the existing analytical solutions.
As the stress state at the free edge became more characterized, some researchers began to study the interlaminar stress state as a singularity at the edge. This was investigated by Wang and Crossman [21] , Wang and Dickson [22] , Hsu and Herakovich [23] and Wang and Choi [24, 25] . As the development of the stress state at the free edge matured, the treatment of these possibly singular stresses in a quantitative sense became important. Whitney and Nuismer [26] introduced the idea of an average stress in notched composite laminates. Experimental verification of the average stress approach was presented by Nuismer and Labor [27] who found a characteristic averaging dimension for a group of graphite epoxy specimens with notches. The concept of the average stress was applied to the free edge by Kim [28] and Kim and Soni [29, 30] who averaged stresses over an arbitrary critical length of one ply thickness, t ply , from the free edge. They also suggested that this parameter could be a material or laminate parameter.
With the advancement in the calculation of interlaminar stresses, it became important to apply the results of these findings into practical designs. Pipes and Pagano [14] , Herakovich [31, 32] and Kim [28] investigated how the interlaminar stress terms arise and gave suggestions for laminate design that reduced the interlaminar stresses. Pogue and Vizzini performed analyses on the reduction of interlaminar stresses though treatments such as tapered edges and ply drops [33] . These techniques are valuable as design tips, but do not provide any quantitative measure of laminate performance. There still existed the need for a calculated stress state in a specific region that could be used in criteria to numerically indicate the propensity for delamination.
Many strength of materials models for delamination described thus far have focused on the interlaminar shear and normal stresses as the sole contributors to delamination. Traditionally, the in-plane and out-of-plane stresses have been placed into separate criteria. This is primarily due to the consideration of delamination as the failure of an interface between plies rather than a region between plies. The ply interface is the imaginary boundary region between plies while a discrete interply resin layer is a physical site in which a full six component stress state exists and can be calculated.
Fracture Mechanics Approaches
In a similar development, fracture mechanics has been applied to the delamination of composite materials. Several researchers who pursue the application of fracture mechanics to composite materials include transverse cracking as well as delamination in their studies. Reifsnider et al. [34] , Kim [28] , Wang [35] , Crossman and Wang [36] , and Fish and Lee [37] suggested that delamination interacts with transverse cracking in 90°plies. The present study considers transverse cracking a different failure mode and an attempt was made to only investigate laminates that do not show a propensity for transverse cracking.
Rybicki et al. [38] was among the first to discuss how a delamination could grow by the release of strain energy in sufficient quantity to create new surface area. Wang [39] , Wang and Crossman [40] , and Crossman et al. [41] studied the application of the strain energy release rate, G, to delamination both analytically and experimentally. They described the whole process through an energy analysis from initiation to growth and stability.
An extensive examination of the application of fracture mechanics to composites is by O'Brien [42, 43] who developed a simple expression for the strain energy release. This relation can be used to determine a critical value of strain energy release rate and can be used to predict delamination.
Quadratic Delamination Criterion
Within the last ten years, Brewer and Lagace [5] developed a criterion under the strength of materials approach that utilized average stresses compared with laminate strength terms. The stress state was calculated through the force balance method developed by Kassapoglou and Lagace [44] . Their Quadratic Delamination Criterion (QDC) predicts failure based on critical values of both interlaminar shear and normal stresses where the delamination was based solely on out-of-plane stresses. The QDC uses the averaging dimension and interlaminar shear strength as fitting parameters. Their analytical work was correlated to a series of experiments by comparing predicted values of delamination onset from both the QDC and strain energy release rate method to measured data. It is the intent of this work to extend the concept of the QDC to include all stress components in the interply resin layer.
The QDC indicates delamination by comparing interlaminar shear and normal stresses with appropriate laminate strengths and is of the form: (1) where σ xz = average interlaminar shear stress in the x direction, σ yz = average interlaminar shear stress in the y direction, σ zz t = average tensile interlaminar normal stress, σ zz c = average compressive interlaminar normal stress, Z s1 = interlaminar shear strength in the longitudinal shear directions, Z s2 = interlaminar shear strength in the transverse shear directions, Z t = tensile interlaminar normal strength, and Z c = compressive interlaminar normal strength.
The averaging dimension was optimized to fit the data best at about 1.33 ply thicknesses and the interlaminar shear strength was assumed to be the in-plane shear strength of the material as suggested by Kim and Soni [29] .
STUDY OF FREE-EDGE PROBLEM
Free Edge Stresses
It is generally understood that a three-dimensional stress state exists at the free 1328 MATTHEW T. FENSKE AND ANTHONY J. VIZZINI
edge of a flat coupon loaded in axial tension. The in-plane stresses arise from the direct loading of the plies, while the interlaminar stresses result from a more complicated system of mechanics. When considering the full stress state at the free edge, it is important to recognize the continuity of each of the components. The interlaminar stresses are continuous through the thickness at the free edge, but the in-plane stresses are not. The in-plane stresses in between plies can be calculated directly if a finite-thickness interply resin layer is included.
Finite Element Analysis
A finite element analysis was employed that captured both the material and geometric considerations at the edge of a flat laminate in axial tension. The stress state at the free edge was determined using a quasi-three-dimensional finite element approach with a 12 degree-of-freedom assumed-stress hybrid element based on the Hellinger-Reissner principal [45, 46] . A constant strain loading was applied that is continuous through the thickness. The model consisted of elements both through the thickness and along the width of a laminate. A resin layer was modeled between each of the ply sets. This layer enabled the direct calculation of the in-plane stresses that are not continuous through the thickness at the edge, but do exist in the finite thickness resin layer.
Five laminates from three different laminate families were investigated. The laminate families were [±15 n ] s , [±15 n /0 n ] s , and [0 n /±15 n ] s where n is one to five. A close-up of one half of the edge of a typical model is shown in Figure 1 for a simple four-ply laminate, [+15/-15] s . The total width of the model extends to a large number of ply thicknesses to ensure the recovery of classical laminated plate theory in the center of the laminate. The element size at the edge is one-quarter ply thickness in width and increases in size away from the edge. The element size was selected from the perspective of applying an average stress criterion and not in capturing the nature of the edge singularity. A much finer mesh would be required to study point stress levels. The stresses obtained show agreement with those obtained by other researchers using other methods [13] . At this point, the arbitrary averaging dimension is one laminate thickness as suggested by Kim and Soni [28] [29] [30] . It is comprised of four elements each one-quarter ply thickness in width. This arbitrary value can be incremented by element width or quarter ply thickness intervals.
PROPOSED CRITERION
Modified von Mises Delamination Criterion
The MVMDC contains three main segments; in-plane, interlaminar shear, and interlaminar normal terms. The problem is then broken up into the sum of the stress relations corresponding to each segment. A stress element showing each of the stress terms and directions is shown in Figure 2 . The MVMDC is of the following form: The first term contains the in-plane stresses. At the free edge, the in-plane stresses are not zero and contribute to the stress condition. If the resin is treated as a homogeneous and isotropic material, the plane stress failure can be examined through conventional failure theories for isotropic materials. The principal 1330 MATTHEW T. FENSKE AND ANTHONY J. VIZZINI 
stresses can be considered in a von Mises relation; however, the characteristic strength may not be the traditional strength parameter for composite resin materials. In addition, the resin layer is an epoxy system in this investigation that may exhibit different strengths in tension and compression. The work by Williams [47] and Raghava [48] shows where the von Mises criteria can be applied to polymers exhibiting this effect. This resulted in the separation of the characteristic strength into the product of tensile and compressive strengths. In a laminate, these are assumed to be the transverse tensile and compressive strengths, Y t and Y c . The second term is the interlaminar shear term. It is the vectorial sum of the average interlaminar shear stresses σ xz and σ yz . The important characteristic of this term is the magnitude. The assumption of transverse isotropy permits the comparison of the resultant interlaminar shear stress with the single interlaminar shear strength term. In many cases one of the two terms will significantly dominate the result; however, they are both included.
The third term is the interlaminar normal term. It accounts for both tensile and compressive interlaminar normal stress contributions to delamination. It has been suggested in the literature that compressive interlaminar normal stresses do not contribute to delamination. The experimental work of Whitney and Browning [17] showed a higher static strength for the laminates with compressive interlaminar normal stress. This is expected for a polymer system with a higher compressive strength than tensile strength. In this study, the interlaminar normal stress was computed and the average stress is compared to the appropriate interlaminar normal strengths for tension or compression. It is important to note that the σ zz term often exhibits a crossover point from tension to compression within a couple of ply thicknesses. Care should be taken to consider this when computing an average stress as it is possible for the stress state to average out to zero when actual tensile and compressive stresses exist within the region. This effect was not witnessed in this study. While the interlaminar tensile strength can be obtained through flatwise tension testing, the compressive value is difficult to obtain. These values are assumed as the transverse tensile strength, Y t , and the transverse compressive strength, Y c .
Validity of MVMDC
To establish the validity of the MVMDC, the limiting cases of delamination and in-plane failure must be characterized. The validity of the MVMDC is shown by both applying it to uniaxial laminate configurations and by comparing it to in-plane criteria. An additional finite element analysis was run with all zero degree plies and the stresses were calculated in the thin resin layer in between two adjacent plies. When the MVMDC is applied to these results, a strength value is predicted which is larger than the in-plane strength of the laminate as predicted by in-plane criteria and demonstrated by experiment. This is consistent with the char-acteristics of the failure criteria, however, it is not universally required. In the case of a laminate with very poor interlaminar strength, failure of the interply resin layer could be indicated prior to in-plane failure of the laminate. While this situation may be improbable, it is captured by the MVMDC. For in-plane behavior of a AS1/3501-6 unidirectional laminate, the MVMDC does not indicate any failure prior to the in-plane criteria. A general comparison to in-plane criteria is also needed to show that the MVMDC does not interfere with the in-plane strength prediction.
A comparison was made between the MVMDC and in-plane failure criteria. Figure 3 shows the in-plane failure envelope for the MVMDC as compared to the Maximum Stress [1] and Tsai-Wu criteria [2] for the AS1/3501-6 material system. The MVMDC envelopes the in-plane criteria except for the small region in the first quadrant. This effect changes with different materials and the small overlap may or may not show up with different material systems. The overlap between the MVMDC and the in-plane criteria was eliminated by decreasing the resin stiffness by about 20% while keeping all other strengths and elastic properties of all materials constant. For a condition where CLPT holds, namely an infinite width laminate and strain continuity through the laminate, the MVMDC reduces to a plane stress modified von Mises relation based on resin strength values and does not indicate in-plane fiber behavior. Regardless, the MVMDC was not intended for in-plane failure analysis.
Experimental Correlation
The MVMDC was applied to the data developed in the original QDC study [5] and indicated delamination very well. the far field stress values at delamination initiation for each member of each laminate family. The dotted lines in the figures are a best-fit power curve (σ = an b ) to the average experimental values. A comparison is made with values from the QDC and strain energy release rate as calculated in the same reference [5] . The QDC values are separated into two groups. The first group, designated QDC curve, is the set of points in the original reference for delamination initiation. The second group, designated QDC equation, is the set of points calculated using the QDC equation with the interphase stresses calculated by the method described in this paper. The intent of this separation was to examine the behavior of the QDC in terms of interface and interphase stresses. The laminate families are AS1/3501-6 graphite/epoxy [±15 n ] s , [±15 n /0 n ] s , and [0 n /±15 n ] s where n is one to five. The material and strength parameters used for the analysis are given in Table 1 .
The values indicated by the MVMDC are in close agreement with the data. The averaging dimension was 0.402 mm or 1.75 ply thicknesses for all cases. This length is comprised of seven elements of one-quarter ply thickness width. This is about a 30% increase in the averaging dimension used in the QDC investigation; however, it is still on the order of what researchers suggest [6, [28] [29] [30] . The averaging dimension was determined by selecting whole numbers of elements and comparing the resulting predictions to the data. The quarter ply thickness elements allowed for the optimization of the averaging dimension only down to quarter ply thickness intervals. Further optimization by decreasing the element size and incrementing the averaging dimension by smaller steps could improve the results. However, with the resolution chosen, the correlation was as close as the QDC values. To optimize further within the range of experimental error would not provide any further conclusion. The value of the averaging dimension is arbitrary; there is no evidence suggesting that this value represents any physical constant, however it has been suggested it may be a material or laminate parameter [27, 30] . The averaging dimension is used in this analysis solely as a fitting parameter and was optimized only to the mesh resolution of the model. The strength values were held constant reducing this to a one parameter model.
The MVMDC indicates delamination points for each of the laminate families that are as close to the experimental values than those predicted by the QDC and G c approaches. In addition, the QDC values for the curve method (interface stresses) and the equation method (interphase stresses) show very little difference. Therefore, the consideration of delamination as the failure of a resin rich layer is valid. The actual thickness of the resin layer has very little effect on the value of the MVMDC as shown in Figure 7 . It is merely the presence of the resin rich layer in the analysis and subsequent failure due to the full stress state in that layer that is of importance.
Correlation with other data in the literature shows excellent agreement with the MVMDC. Some studies of delamination include large angle-ply specimens that show a propensity for transverse cracking [28] [29] [30] 36, 41, 44] . Kim and Soni [30] performed experiments and obtained data on some samples which did not utilize laminates with angle plies greater than 30 degrees. The material system used is T300/934 with published values for ply properties and strengths [2, 49] . The averaging dimension was changed to 1.25t ply for the best fit while the strength parameters were kept constant. While there are only two points and the curve can be fit quite easily, the agreement is notable. The correlation to this limited data set is shown in Table 2 .
While the MVMDC and the QDC behave similarly for the laminates used in this study, dissimilar behavior can be demonstrated as shown in Figure 8 . A free-edge stress state was computed through the aforementioned finite element analysis of several [±θ] s laminates of the same AS1/3501-6 graphite/epoxy material system used in the experiments. The solid line represents the delamination initiation strain as indicated by the MVMDC with the same nominal averaging dimension of 1.75t ply as was used for correlation to the data. The dashed lines show the delamination strains indicated by the QDC with an averaging dimension of 1.33t ply as used in the correlation. Two additional points are shown for the uniaxial laminate strength and the single [±15] s data point. As with the failure diagram in Figure 3 , the MVMDC indicates a failure higher than the in-plane failure for the uniaxial case. The data point, however, is close to both of the curves. The plot shows a similarity in the delamination indication points for the two equations for laminates with ply angles from about 12 to 32 degrees. However, the curves significantly diverge outside of this region. Therefore, the fact that the two equations indicate similar delamination initiation points for the [±15] s does not mean that they would indicate a likewise similar initiation point for a [±5] s laminate. Further-1336 MATTHEW T. FENSKE AND ANTHONY J. VIZZINI more, the curves show a distinct divergence highlighting the mathematical difference in the two criteria. In addition, this region of similar indication is a function of the material. This is shown in Figure 9 where the same curve is plotted for SP-250-S29 glass/epoxy system which was used in the investigation by Fish and Lee [45] . In this case the two curves do not indicate a similar delamination point for any of the ply angles for an averaging dimension of 1.5t ply and 0.5t ply . These curves could provide further validation with a proper complement of experimental data, however this exercise is merely an analytical study to highlight the mathematical differences between the criteria. This divergence indicates a unique capability of the MVMDC over the QDC to indicate delaminations in ma- terial systems in which the contribution of each or any of the stress terms is not negligible or unknown.
CONCLUSIONS AND RECOMMENDATIONS
An examination of the free-edge problem was conducted with an emphasis on the interply region in an attempt to develop a new criterion which accounts for the full stress state in the resin layer. The following outline highlights the conclusions:
1. Delamination failure can be characterized as the failure of the resin rich interply region that results from fabrication. Delamination failure can be characterized by examining the stress state of the material in the interply region as a discrete material layer. Finite element methods can be used to model this resin layer and compute the full stress state. 2. When considering the stress state in a resin rich interply region, a full six component stress state is valid and offers greater robustness over criteria which ignore the in-plane stress state. In addition, a six-component criterion indicates the role of the in-plane stress state on delamination.
The Modified von Mises Delamination Criterion has at least as good
delamination prediction as the Quadratic Delamination Criterion and strain en-1338 MATTHEW T. FENSKE AND ANTHONY J. VIZZINI ergy release rate methods for the laminates studied. The required strength values are empirical parameters. The values used in the data correlation were nominal material properties obtained through normal experimental methods. The single variable parameter is the averaging dimension which is a curve fitting term which can be arbitrarily chosen and altered to fit data.
The proposed criterion can be easily applied when a full stress solution is generated. Finite element methods can easily provide the stress state for a variety of laminate configurations. This method can then be applied to evaluate candidate laminates for their propensity to delaminate and aid in the more efficient, durable and cost effective composite designs. Certainly composite designs can be continually improved and some future investigations related to the current study could promote such progress.
NOMENCLATURE
σ xx = Normal stress in the x direction, in-plane axial or longitudinal stress σ yy = Normal stress in the y direction, in-plane transverse stress σ zz = Normal stress in the z direction, interlaminar normal stress σ xy = Shear stress in the xy plane, in-plane shear stress σ xz = Shear stress in the xz plane, interlaminar shear stress σ yz = Shear stress in the yz plane, interlaminar shear stress σ xx = Average in-plane axial stress over averaging dimension from free edge σ yy = Average in-plane transverse stress over averaging dimension from free edge σ zz = Average interlaminar normal stress over averaging dimension from free edge σ xy = Average in-plane shear stress over averaging dimension from free edge σ xz = Average interlaminar shear stress over averaging dimension from free edge σ yz = Average interlaminar shear stress over averaging dimension from free edge σ I = First principal stress σ II = Second principal stress σ III = Third principal stress σ I = Average first principal stress over averaging dimension from free edge σ II = Average second principal stress over averaging dimension from free edge σ III = Average third principal stress over averaging dimension from free edge ε xx = In-plane axial strain ε yy = In-plane transverse strain ε xy = In-plane shear strain 
